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Abstract 

We establish a Galois correspondence for finite quantum groupoid 
actions on IIi factors and show that every finite index and finite depth 
subfactor is an intermediate subalgebra of a quantum groupoid crossed 
product. Moreover, any such a subfactor is completely and canonically 
determined by a quantum groupoid and its coideal *-subalgebra. This 
allows to express the bimodule category of a subfactor in terms of 
the representation category of a corresponding quantum groupoid and 
the principal graph as the Bratteli diagram of an inclusion of certain 
C*-algebras related to it. 

1 Introduction 

This paper continues the research initiated in ||l3[| , where finite index IIi- 
subfactors of depth 2 were characterized in terms of weak C*-Hopf algebra 
crossed products (the latter objects were introduced in Q). 

In what follows, we use the term "quantum groupoid" instead of "weak 
C*-Hopf algebra" since we believe it is important to stress that this alge- 
braic structure provides a natural non-commutative generalization of a usual 
finite groupoid. In particular, if it is commutative as an algebra (resp. co- 
commutative as a coalgebra), then it can be identified in a canonical way 
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with the C*-algebra of functions on a finite groupoid (resp. groupoid alge- 
bra). Quantum groupoids also generalize finite-dimensional Kac algebras 
("finite quantum groups") Q, |l2|. 

According to the characterization obtained in ||l^, if C M C Mi C 
M2 C ... is the Jones tower constructed from a finite index depth 2 inclusion 

C Af of III factors, then B = M' n M2 has a canonical structure of a 
quantum groupoid acting outerly on Mi such that M = and M2 = 
MiXB, moreover A = N' f] Mi is a quantum groupoid dual to B. 

In the present paper we extend the above result to show that quantum 
groupoids give a uniform description of arbitrary finite index and finite depth 
Ili-subfactors via a Galois correspondence. We also show how to express 
subfactor invariants such as bimodule categories and principal graphs in 
quantum groupoid terms. 

After discussing basic definitions and constructions in Preliminaries (Sec- 
tion 2) we introduce and study coideal *-subalgebras of quantum groupoids 
(Section 3), that play an important role in the sequel. 

Section 4 starts with a simple observation (see Proposition [4.1| and Corol- 



lary O) that any finite depth subfactor N C M {[M : A^] < 00) can be 
viewed as an intermediate for some depth 2 inclusion A^ C M. Due to the 
above characterization result we have M = MxB, which allows to describe 
N G M via a Galois correspondence between intermediate von Neumann 
subalgebras of A" C M and left coideal *-subalgebras of B (Theorem |4.3D . 
Thus, every finite depth subfactor is completely determined by a pair {B, I), 
where / is a left coideal *-subalgebra of a quantum groupoid B, and can be 
realized as A^ C A^xl, where A^x/ is a von Neumann algebra generated by 
A^ and / inside Ny<iB. Note that the Galois correspondence for quantum 
group actions on factors was established in Q. 

In Section 5 we discuss an equivalence between the tensor category of 
(A^ — A^)-bimodules associated with N <Z M and the co-representation cate- 
gory of B (Theorem ^j^) . Given a quantum groupoid B acting on a IIi factor 
A^ and a pair of its left coideal *-subalgebras H, K, we define in the spirit of 
[17 1 a category Ch-k of relative {B, H — K) Hopf bimodules, whose objects 
are both i3-comodules and {H — Er)-bimodules such that the i?-coaction 
commutes with the bimodule action and construct a functor from Ch-k 
to the category of {N>ciH — A^xiA')-bimodules preserving direct sums and 
compatible with operations of taking tensor products and adjoints. In the 
case when H and K are trivial, Ch-k is Corep(i?), the co-representation 
category of B, and the above functor is an equivalence. We want to em- 
phasize that a bimodule category of any finite depth subfactor N C M (not 
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only depth 2) is equivalent to Corep(i?) for some B. 

This functor also allows to express the principal graph of the inclusion 

C M in terms oi B, as the Bratteli diagram of an inclusion of certain 
finite-dimensional C*-algebras related to B (Proposition |5.9| , Corollary B.lOl) . 

Finally, in Appendix we explicitly write down the structure maps of a 
quantum groupoid associated with a finite depth subfactor. 
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2 Preliminaries 



Throughout this paper we use Sweedler's notation for a comultiplication, 
writing A(6) = 6(1) (gi 6(2)- 

A weak H op f C* -algebra |Q or quantum groupoid B \s a. finite dimensional 
C*-algebra with the comultiplication A : B ^ B <^ B, counit e : — > C, 
and antipode S : B ^ B such that (B, A, e) is a coalgebra and the following 
axioms hold for all b,c,d^B : 

(1) A is a (not necessarily unital) *-homomorphism : 

A(6c) = A(&)A(c), A(6*) = A{b)*, 



(2) The unit and counit satisfy the identities 

e(6c(i))e(c(2)<i) = e{bcd), 
(A(1)0 1)(1® A(l)) = (A®id)A(l), 

(3) S is an anti-algebra and anti-coalgebra map such that 

m(id®5)A(6) = (e®id)(A(l)(6® 1)), 
m(5 0id)A(6) = (id0e)((l®6)A(l)), 

where m denotes the multiplication. 
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The right hand sides of two last formulas define target and source counital 
maps : 

etib) = (e ® id)(A(l)(6 1)), e,(6) = (id ® e){{l 6)A(1)), 

and play an important role in this theory. 

Let us remark that the axiom (2) of the definition of a quantum groupoid 
is equivalent to each of the following axioms expressed in terms of counital 
maps (@, lH) : 

(2') 6e*(c) = e(6(i)c)6(2), 6(i) e*(6(2)) = 1(2), 

(2") e*(c)6 = 6(i)e(c6(2)), e'(V)) ® &(2) = l(i) W(2), 

These axioms are convenient for concrete computations, as they show that 
the properties of the counital maps £t and are similar to those of a counit 
in an ordinary Hopf algebra. 

The dual vector space B* has a natural structure of a quantum groupoid 
given by dualizing the structure operations of B |jl2| ) : 

{ip^,b) = A(&)), 

{A{ip),b0c) = {if, be), 

{S{ip),b) = (y, S{b)), 

{ip\b) = {ip,S{by), 

for all b,c G B and ipjip € B*. The unit of B* is £ and the counit is 1. 

The main difference between finite quantum groupoids and classical 
finite-dimensional Hopf C*-algebras (Kac algebras) is that the images of 
the counital maps are, in general, non-trivial unital C*-subalgebras of B, 
called target and source counital subalgebras : 

Bt = {beB\£t{b)=b} = {beB\A{b) = {b(g)l)A{l) = A{l){b(^l)}, 
Bs = {b£B\£,{b) = b} = {b£B\A{b) = {l(^b)A{l) = A{l){l(S)b)}. 

The counital subalgebras commute elementwise: [Bt, Bg] = 0, we also 
have S o e'^ = e* o 5" and S{Bt) = Bg. We say that B is connected if 
Bt n Z[B) = C (where Z[B) denotes the center of B), i.e., if the inclusion 
Bt C B is connected. B is connected iff Bt Ci B* = C ([0], Proposition 
3.11). We say that B is biconnected if both B and B* are connected. 

The antipode of a quantum groupoid is necessarily unique, invertible, 
and satisfies {S o *)'^ = id. Furthermore, there exists a canonical positive 
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element H in the center of Bt such that S'^ is an inner automorphism imple- 
mented by G = HS{H)-^, i.e., S^{b) = GhQ-^ for all heB. The element 
G is group-like, i.e., A(G) = {G ® G)A(l) = A(1)(G ® G). 
Quantum groupoids possess integrals in the following sense. 

There exists a unique projection p £ B, called a Haar projection, such 
that for all X € B : 

xp = e*(x)p, S{p) = p, e*(p) = 1. 

There exists a unique positive functional (f) on B, called a normalized 
Haar functional (which is a trace iff is a weak Kac algebra), such 
that 

(id (?;>)A = (e* 0)A, (t>oS = S, cl)oe^ = e. 

The next proposition establishes a useful invariance property of the Haar 
functional. 

Proposition 2.1 (cf. 2.3.5)) The normalized Haar functional cj) of 

B satisfies the following strong invariance property : 

X(\)(\ii3)X{2)) = S{y(i))(t){y(2)x), <P{x(i)y)x^2) = 4>(.xy{i))S{y(2)), 

for all x,y £ B. 

Proof It follows from the axioms of quantum groupoid that 

etiS{c))b = e(c6(i))6(2) 

for all b,c £ B. Using this identity and the properties of (j) one computes : 

X(l)(piyX^2)) = ^l)X(l)(piyl(2)X(2)) 

= £s{y{i))x(i)(l){y^2)X(2)) 

= S{y(i)){y(^2)x)(i)<l)i{y(2)x)(2)) 

= S{yt^i))et{{y^2)x)(i))(l)iiy{2)x)(2)) 

= 5'(y(i))l(2)(^(e(l(i)(y(2)a:)(i))(y(2)x)(2)) 

= 'S'(y(i))l(2)(/>(et(5'(l(i)))y(2)x) 

= 5'(y(i))S'(l(i))0(l(2)y(2)2;) = 5'(y(i))0(y(2)x). 

The second identity is similar. 
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When B is connected, there exists a unique (non-degenerate) Markov 
trace {^) r for the inclusion Bt <Z B normahzed by r(l) = dimBt. This 
trace is related to the Haar functional by = t{HS{H)x) 5.7), 
where H is the canonical central positive element in Bt described earlier. 

Corollary 2.2 For all x,y ^ B we have 

X(i)r{yx^2)) = 'S'(y(i))G'r(y(2)x), 
T{x(i)y)x(^2) = T{xy(^^)G'^S{y(^2)), 
where G = HS{H)^^ is the canonical element implementing S'^. 

Proof. From Proposition we have 

X(i)T{HS{H)yx(2)) = S{y(i))T{HS{H)y(2)x), 

and replacing y by HS{H)y we get the first identity, the second one is 
similar. 

The following notions of action, crossed product, and fixed point subal- 
gebra were introduced in [U]. A (left) action of a quantum groupoid B on 
a von Neumann algebra M is a linear map 

B(g)M3b(g)Xh^{b>x)£M 

making M into a left i?-module such that for allb £ B the map biE>x ^ {b>x) 
is weakly continuous and 

(1) b>xy = (6(1) ;>x)(6(2) >y), 

(2) {b>x)* = S{b)*>x*, 

(3) b>l = e\b) 1, and 6 1> 1 = iff e\b) = 0. 

A crossed product algebra M><iB is constructed on the relative tensor 
product M ®Bt where i? is a left -Bj-module via multiplication and M is 
a right St-module via x<z = S{z)\>x = a;(2;i>l). Let denote the class 

of X 6 in MxB. A *-algebra structure on MxB is defined by 

[x (g) b][y (g) c] = [x(6(i) y) 6(2)c], [x (g b]* = [{b*^^ > x*) (g b*^^] 

for all x,y £ M, b,c£ B. It is possible to show that this abstractly defined 
*-algebra MxB is *-isomorphic to a weakly closed algebra of operators on 



some Hilbert space [14|, i.e., MxB is a von Neumann algebra. 
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The collection = {x e M \ b > X = e*(6) i> X, V6 € B} is a von 
Neumann subalgebra of M, called a fixed point subalgebra. The relative 
commutant M' f] M'xB always contains a *-subalgebra isomorphic to Eg 
[13|. The action of B is cahed minimal if Bs = M' r\ MxiB. 

It was shown in |13] that finite index depth 2 subfactors of Ili-factors 
can be characterized in terms of quantum groupoids. Namely, if C M is 
such a subfactor ([M : N] = X^^) and 

N C M C Ml C M2 C ■ ■ ■ 

is the corresponding Jones tower, Mi = (M, ei), M2 = (Mi, 62), . . . , where 
ei S A^' n Ml, 62 S M' n M2, • • • are the Jones projections. The depth 
2 condition means that N' f] M2 is the basic construction of the inclusion 
N' n M C N' n Ml. Let r be the trace on M2 normahzed by t(1) = 1. 
There is a canonical non-degenerate duality form between ^ = A^' n Mi and 
B = M' nM2 defined by 

{a, b) = X~'^T{ae2eiHb), 

for all a € A and b £ B, where H is a central element in M'nMi canonically 
defined by the property t{Hz) = Tr (z), where z € M' n Mi and Tr is the 
trace of the regular representation of M' n Mi on itself (in other words, H 
is the index |19| of rlM'nMi)- 



Using this duality, one defines the comultiplication, the counit and the 
antipode of B as follows : 

(ai (g) 02, A(6) ) = {aia2,b), 

e{b) = {l,b) = X-W{e2Hb), 
S{b) = J{HbH-^yj, 

for all a, ai,a2 € A and b £ B, where J is the canonical modular involution 
on L^(Mi) and b Jb*J is a *-anti-automorphism of B = M' D M2. The 
above expression for S follows from the explicit formula (|jl^, 4.5(i)). 

With these operations and involution b^ = S{H)~^b*S{H), the *-algebra 
B becomes a biconnected quantum groupoid and A becomes its dual (see 



[13 1 for the proof). 

The counital subalgebras of B are B^ = M{ n M2 and Bt = M' n Mi, 
moreover H is the canonical element of Bf. The map 

t> : B (g) Ml ^ Ml : b(^ X ^ X'^EM^{bxe2) 
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defines a left action of B on Mi, such that M = is the fixed point 
subalgebra for this action (here denotes the r-preserving conditional 
expectation on Mi) and 

e : Miy<B M2 :[x0b]^ xS{Hf'^bS{H)-^'^ 

is an isomorphism of von Neumann algebras. 

It is straightforward to show that the above left action of B on Mi 
extends to an action 6>^ of S on L^(Mi) := L^(Mi,r) such that 

(6>e,r/) = (e,S(F)6*5(//)-i>7?), 

where b G B,S,,r] e L?{Mi) (recall that the involution in i? = M2 Pi M' is 
different from the one in M2 - see above). This means that L^(Mi) equipped 
with a scalar product 

is a unitary left i?-module. 

One can also introduce a right action of B on L^(Mi) by setting ^ <i 6 = 
5-^6) 0^. This makes L'^{Mi) a {Bt - Bt)- and {B^ - 5s)-bimodule (here 
and in what follows, the term bimodule means a unitary bimodule, see, e.g., 
[|lO|). Since L^(Mi) is also an (Mi — Mi)-bimodule with respect to left and 
right multiplications, the properties of the left action of B on Mi give: 

b \> (aO = (fe(i) > a)(fe(2) > 0, b> {^a) = (6(1) > ^(6(2) > a), 

J{h > = S{br > Ji := J^<b\ ( J^, Jry)^~ ^ = (G > 7?, ^.^fj^y 

where a G Mi,^ G L^(Mi) and J : a 1— > a* is the canonical modular involu- 
tion on L^(Mi). 

3 Coideal *-subalgebras 

Definition 3.1 A left (resp. right) coideal of a quantum groupoid i? is a 
linear subspace I C B such that A(/) C B (gi I (resp. A(/) C / -B ). A 
left (resp. right) coideal *-subalgebra is a unital C*-subalgebra I C B which 
is a left (resp. right) coideal. 
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Note that the target counital subalgebra Bt (resp. the source counital 
subalgebra Bs) is a left (resp. right) coideal *-subalgebra of B contained in 
every left (resp. right) coideal *-subalgebra I C B. It is easy to check that 
a linear subspace / C i? is a left (resp. right) coideal iff it is invariant under 
the right (resp. left) dual action of B* iff its annihilator = {a £ B* \ 
{a, b) = 0, V6 G /} C -B* is a left (resp. right) ideal in B* iff S{I) is a right 
(resp. left) coideal. Note that if / is a left coideal *-subalgebra, then u*Iu is 
a left coideal *-subalgebra for any unitary u £ Bg. In particular, there can 
be infinitely many non-equal conjugated coideal *-subalgebras. 

For any quantum groupoid B, the set i{B) of left coideal *-subalgebras 
is a lattice under the usual operations: 

Ii A /2 = /i n h, hy h= [h U h)" 

for all /i,/2 G ^{B). The smallest element of i{B) is Bt and the greatest 
element is B. 

Proposition 3.2 If I d B is a left coideal ^-subalgebra of B, then I = 
G'^/"^ S{I)G^/'^ is a right coideal ^-subalgebra of B. The map I ^ I is an 
isomorphism of lattices. 

Proof. Clearly, / is a subalgebra. Let c G /, c = Q-^l'^ S{b)G^I'^ for some 
b £ I. Then, using the group-like propery of G, we have : 

c* = G^/^S'\b*)G-^/^ = G'^/^S{b*)G^/^ G /, 
A(c) = G-i/2^(6(2))Gi/^ G-i/25(6(i))Gi/2 ^ j ^ 

therefore / is a *-invariant right coideal. It is easy to see that the map / i— > / 
preserves the lattice structure. 

We will show that e{B) is the dual lattice of e{B*), i.e., £{B) = i{B*). 
The following proposition describes an explicit isomorphism between these 
lattices. 

Proposition 3.3 (cf. (|^, 4.6)) Let T C B be a self adjoint subset and I 
be the minimal right coideal ^-subalgebra of B containing T . Then T'CiB* C 
B*>iB is a left coideal *- subalgebra of B* and T' f] B* = I' D B* . 

If we denote this coideal subalgebra by I'^ , then the map 6:1^1'^ 
defines a lattice anti-isomorphism between £{B) andi{B*). 
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Proof. Obviously, T' DB* is a *-subalgebra of B*. In order to prove that 
it is a left coideal, we need to show that it remains invariant under the right 
dual action of B, i.e., that (x < a) belongs to T' for all a G i?, x € T' . The 
latter means that [x(i) (t o X(2))] = [x <8) for all t G T. Applying a £ B 
to the above identity on the left (i.e., using the right dual action of B on 
B*xB = B*><iB), we get 

[(x < a)(i) (g) (t <l (x < a)(2))] = [(x(i) a) (g) (t X(2))] = [(x < a) (g) t] 

therefore, (x < a) G T' D B* for all a G B. Note that I is generated, as an 
algebra, by elements of the form (y > t), with t £ T and y £ B*. We need 
to show that I' n B* C T' n B*, i.e., that any x from T' n i?* commutes 
with {y > t). The latter follows from considering the left dual action of B* 
on B*XiB : 

[{y > >x(g){y> t)(2)] = [(t(i) > x) (7/ > t(2))] = [x (y > t)]. 

The opposite inclusion is obvious. 

Since /( n = (/i V h)' for all Ii, I2 € ^(B), the map (5 : I ^ I"^ is 
a homomorphism of lattices. Its inverse is given by the composition of the 
maps 6{I) 5(1)' n 5 C B*\xB and I ^ I, since we have 



5{i)' nB = {i'n B*y n B = (/ V (b*)') n s = / v {(b*)' nB) = i, 



for all / G ^(^)- Therefore, 5 is an isomorphism. 

Definition 3.4 A left coideal *-subalgebra I C B is said to be connected if 

z{i) nBs = C. 

To justify this definition, note that I = B, then this is precisely the defi- 
nition of B being connected, and if / = Bf, then this definition is equivalent 
to B* being connected ([|ll|, 3.10, 3.11). 

Let / C -B be a connected left coideal *-subalgebra of B, then there is a 
uniquely determined positive element xj G I such that e(6) = T{xib), for all 



Proposition 3.5 For any system {frs} of matrix units in I = Ti^ Mn^{C) 
the value of the comultiplication on x/ is 



b£l. 




GS-\fZ.)^f^^s = T. 



1 



S{f^r)G0f^^s 



ars 



r{ffs) 



We also have S{xj) = x/G 



10 



Proof. From Corollary |2.2| we get 



b = 6(1)6(6(2)) = 6(i)t(x/6(2)) 
= S{H'^xi^,))T{Hxj(^2)b). 

If we write A(x/) = T,ars 9%- fsr with gfj. S B, then applying the above 
identity to 6 = on has /f;/?"^ = T{ffi)S{H-^g'^^), therefore c/f^ = 

— ^ GS~^{f^i). Comparing A{S{xj)) and A(x/), we get the last identity. 

Definition 3.6 Let e/ € / be the support of the restriction of e on /, i.e., 
6/ = e, where e is the minimal projection having property e(e6e) = e(6) for 
all 6 G / (note that e is faithful on ejlej). We will call ej a distinguished 
projection of /. 

Note that x/e/ = e/x/ = x/ and e/ is the minimal projection with this 
property, i.e., ej is the support of x/. Also, it is easy to see that Ii C I2 
implies ej^ < e/^. 

Proposition 3.7 Let I <Z B he a left coideal *-subalgebra. Then the distin- 
guished projection ej satisfies the following Haar property : 

bei = et{b)ei, for all b £ I. 

Proof. Since e{xy) = e{xet{y)) for all x,y £ B, we get 

e{{et{b) - by{et{b) - 6)) = 0, V 6 G 

which implies £{ei{et{b) - b)*{et{b) - b)ei)) =0, M b £ I. 

Therefore, (£4(6) — b)ei = 0, since e|/(e/ ■ e/) is faithful on eilej. 

Remark 3.8 (i) For right coideal *-subalgebras one can prove a similar 
identity e/6 = ei£s{b). 



(ii) For I = B Proposition |3.7| is the Haar theorem for quantum groupoids 
(p^, 2.2.5), (Q, 4.5), is the Haar projection, and x^ is a scalar 
multiple of es (since is minimal in B (|^], 4.6)). 

(iii) For I = Bf one has x^t = H and cb^ = 1- 



Corollary 3.9 The map Ef{y) = y(i)T(x/y(2)), y £ B is the T-preserving 
conditional expectation from B to I. 
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Proof. Using the relation from Proposition 2.2, the formula of Proposi- 
tion 3^, and that S{G) = we get 



T{bEi{y)) = r(y(i)6)r(a;/y(2)) 

= r(y6(i))r(x,G-i5(6(2))) 
= T{yb{i))T{xjb^2)) = T{yb(i))e{b(^2)) = r{yb), 
therefore Ej is the r-preserving conditional expectation from B to /. 

Remark 3.10 From the explicit form of the isomorphism 6 : MiXiB M2 
one can see that the map [x (8) 6] i— > [x <^ EMi{S{Hy^^bS{H)~^^'^)] from 
MiXB onto Ml is the image of Emi '■ M2 Mi under 0~^, and thus it 
is a trace preserving projection in MiXB onto Mi. Note that the map 
Emi : B Bt is uniquely defined by the relation T{zb) = T{zEMi{b)) (Vz G 
Bt,b G B), and the same relation determines the r-preserving conditional 
expectation EBt from Corollary |3]^. So, these two maps coincide, and the 
formula for = ®t(Fx(2)) shows that EMAS{HY''^bS{H)'^)^) = 

EM^b)- 

As a result, the above inverse image of Emi '■ M2 — > Mi is the map 
[x (81 6] I— > [x (g) Estib)]. Together with Corollary |3.9| this gives the following 
expression for tmi^b- 

TMi>lBi[x b]) = TMi{x{EBtib) > 1)) = rMi(x(6(i) I> l))T(i76(2)) 

= rMi(x(5(m(i))G>l))T(l(2)6) = tmi(x(/7>1)t(6) 

= TMAS{H)>x)T{b) = TM,{x)T{Hb), 

where x G Mi, b £ B. Since tmi{H >1) = t{H) = 1, we have 

tmi>ib{[x 1]) = TMi(x) and tmi>ib{[1 ® b]) = T{b). 

Then one can write down the GNS inner product on Mi'xB as 

([x(g)6],[y0c])A/i>]B = {^^y)L^j;i^)ib,c)B, 

where {■,-)b is the GNS-scalar product on B with respect to the Markov 
trace. 

4 A Galois Correspondence 

Let C M be a finite depth inclusion of IIi factors with finite index 
= [M:N] and 

iV C M C Ml C M2 C • • • 
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be the corresponding Jones tower, Mj = (Mj_i, Cj), where Cj G -^i_2 
Mj, i = 1,2, . . . are Jones projections (we denote M_i = iV and Mq = M). 
Let n be the depth (g, 4.6.4) of iV C M, i.e., 

n = min{A; G Z+ | dimZ(7V' n Mk-2) = dimZ(iV' n Mfe)}. 

The case n = 2 is completely understood in ||l^ , where it was shown that 
the symmetries of depth 2 subfactors are described by quantum groupoids 
(see Preliminaries) . For the case of general depth n > 2 we have the following 
result. 

Proposition 4.1 For all k > the inclusion N C Mk has depth d + 1, 
where d is the smallest positive integer > In particular, N C Mi has 

depth 2 for all i > n — 2. 

Proof. Note that dim2'(iV' n Mi) = dim Z{N' n A/j+2) for alH > n - 2. 



By [16 1, the tower of basic construction for N C is 
NcMkC M2k+i C M3k+2 C • • • , 

therefore, the depth of this inclusion is equal to d + 1, where d is the smallest 
positive integer such that d{k + 1) — 1 > n — 2. 

Corollary 4.2 Any finite depth subfactor N C M is an intermediate sub- 
factor of some depth 2 inclusion. 

Proof Consider N C M C Mk, k>n-2. 

The last result means that N C M can be realized as an intermediate 
subfactor of a crossed product inclusion N C NxB for some quantum 
group old B : 

N CM C N>ciB. 

Recall that in the case of a usual C*-Hopf algebra (i.e., Kac algebra) action 
there is a Galois correspondence between intermediate von Neumann subal- 
gebras of C A^XiB and left coideal *-subalgebras of i? [|6|,0]- Thus, it is 
natural to ask about a quantum groupoid analogue of this correspondence. 

Clearly, the set i{Mi C M2) of intermediate von Neumann subalgebras 
of Ml C M2 forms a lattice under the operations 

KiAK2 = KinK2, KiW K2 = iKiUK2)" 
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for all Ki,K2 G i{Mi C M2). The smallest element of this lattice is Mi and 
the greatest element is M2. 

Given a left (resp. right) action of S on a von Neumann algebra A^, we 
will denote (by an abuse of notation) 

A^>]/ = span{[x 0b]\x£N,b£l}c 7V>ci?. 

The next theorem establishes a Galois correspondence between inter- 
mediate von Neumann subalgebras of depth 2 inclusions of IIi factors and 
coideal *-subalgebras of a quantum groupoid, i.e., a lattice isomorphism 
between £{Mi C M2) and £{B). 

Theorem 4.3 Let N C M C Mi C M2 <Z ■ ■ ■ he the tower constructed from 
a depth 2 sub factor N G M , B = M' D M2 be the corresponding quantum 
groupoid, and 6 be the isomorphism between MiXB and M2 (jl^], 6.3). 
Then the following formulas 

(p : i{Mi(l M2) ^ i{B) : K ^ e-^{M' r\K) C B 
ip : e{B) £{Mi CM2): e{Mi><iI) C M2. 

define isomorphisms between l{Mi C M2) and i{B) inverse to each other. 

Proof. First, we need to check that </> and ^ are indeed maps between the 
specified lattices. It follows immediately from the definition of the crossed 
product that MiXi/ is a von Neumann subalgebra of MiXB, therefore 
9{MiXiI) is a von Neumann subalgebra of M2 = 9{MiXiB), so ^ is a map 
to i{Mi C M2). To show that (p maps to i{B), it is enough to show that 
the annihilator (M' n K)° C B* of M' n K C B is a left ideal in B* . 

For all X G yl, y G [M' n K)°, and b e M' n K we have 

{xy,b) = \^^T{xye2eiHb) = X'''^T{ye2eiHbx) 

= \~'^T{ye2eiEM'{eiHbx)) = {y, X'^ EM'{eiHbx)) , 

and it remains to show that EM'ieiHbx) £ M' n K. By (|5|, 4.2.7), the 
square 

K C M2 

U U 

M'nK c M'n M2 

is commuting, therefore, Em'{K) C M' n K. Since eiHbx G K, we have 
xy G (M' n Kf, i.e., (M' n Kf is a left ideal and 4>{K) = O'^iM' n K) is 
a left coideal *-subalgebra. 
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Clearly, (f) and "0 preserve A and V, moreover (/>(Mi) = Bt, (j){M2) = B 
and ipiBf) = Mi, ip{B) = M2, therefore they are morphisms of lattices. 

To see that they are inverses for each other, we first observe that the 
condition ^/^ o = id is equivalent to Mi{M' n K) = K, and the latter 
follows from applying the conditional expectation to Mi{M' n M2) = 
MiB = M2. The condition cpo^ = [d translates into 9 {I) = M'ne{MiXiI). 
lib el, xGM = Mf, then 

eib)x = 0([l®6][x® 1]) = 0([(6(i)>x)®6(2)]) 

= 0([x(l(2) > 1) e(l(i)6(i))6(2)]) = 9{[x b]) = x6{b), 

i.e., 6{I) commutes with M. Conversely, if x G M' n 0(MiXi/) C B, then 
X = 9{y) for some y £ (MiX/) Ci B = I, therefore x G 0(1). 

The following proposition describes the center of = MiXiI and the 
first relative commutant in terms of /. 

Proposition 4.4 In the above situation, 

(i) Z{K) = Z{MiXiI) = Z{I) n Bs, 

(ii) M[r\K = M[r\ MiXil = inBs. 

Proof. Recah that Bs = M{ n M2. U x £ Z{I) n Bg C K , then x 
commutes with both / and Mi and, therefore, with K = MiXl, i.e., x £ 
Z{K). Conversely, if 2; G Z{K) then x G iT' n K C M{ n M2 = 5^ and 
X G M' n i^, so X G Z{M' n K) = Z{I) and (i) follows. To prove (ii), 
note that since Bs = M[r\ M2 £ M{ and I = M' n K C K, we have 

M[nK c {M{ n M2) n{M' nK) = BsHi £ M{ n K. 

Corollary 4.5 (i) K = Mxl is a factor iff Z{I) nBs = C. 
(ii) The inclusion Mi C K = MiXl/ is irreducible iff Bs Ci I = C 



Corollary 4.6 There is no subfactor N C M of depth n and index ^fp, 
where p is prime and k > n — 1 (unless n = 2 and k = 1, in which case 
M ^ NxiZ/pZ). 

Proof. Suppose that such a subfactor N £ M exists, then [M^-i : N]= p 



and depth(A^ C Mk-i) = 2 by Proposition gj. Therefore, {N C Mk-i) 



{N C TVxZ/pZ) (see 0, Corollary 4.19) and Theorem |^ implies the 
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existence of a subgroup of TLj-pEi corresponding to the intermediate subfactor 
N d M. But Z/pZ does not have any non-trivial subgroups, therefore 
M = Mfc_i, i.e., k = l and n = 2. 

Note that intermediate von Neumann subalgebras of M C Mi can be 
characterized in terms of projections in M' n having certain properties 
[Q. Namely, every projection q G M' n M2 such that 

(IS 1) qe2 = 62, 

(IS 2) Eni^{q) is a scalar, 

(IS 3) A^^E'Af^ ((76162) is a multiple of a projection, 

implements a conditional expectation from Mi to an intermediate subalge- 
bra Q = {q}' n Mi. If Q is a factor, then [Mi : Q] = T{q)-^ (|l|, Theorem 
3.2). This result is true for all finite index subfactors (regardless of depth). 
The goal of next two propositions is to relate such projections and coideal 
*-subalgebras in the case of finite depth inclusions (which are intermediate 
subfactors of depth 2 inclusions by Corollary |4.2|) . 

Proposition 4.7 If I C B is a connected left coideal *-subalgebra, then 
there is a constant A/ > such that pi = H~^^'^xjH~^^'^ is a projection 
in I. 



Proof. From the formula for A(x/) (Proposition 3^) we get 



SsiH-'xi) = m{S id)^{H'^xj) = ^i- V° G Z{I) n B^. 

ars '^yJss) 

Since I is connected, we conclude that £s{H~^xi) = A/1 for some constant 
A/. Using this result and Proposition |3.5| one can check by a direct computa- 
tion that A(/7~^x/)^ = A7A(i^~^x/), from where it follows that Xj^H~^xi 
is an idempotent and pi = Xj^ H~^^'^xjH~^^'^ is a projection. 

Proposition 4.8 Let N <Z M he a depth 2 inclusion, B he the quantum 
groupoid constructed on M'nM2, and 6 : MiXB — > M2 he the isomorphism 
of III factors (see Preliminaries). Then for any connected left coideal *- 
subalgebra I C B the projection qj = 9{pi) satisfies properties (IS 1)-(IS 
3). 
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Proof. The relation et{xiH ^) = A/1 follows easily from definitions, 
from where 

et{H^/^PiH-y^) = XiStixjH-') = 1, 

hence H^^'^pjH^^^'^eB = gb- Applying 9 to the last equality, and observing 
that 62 = 6{H-^/^eBH'^/^), we get 0{pi)e2 = 62 which is (IS 1). 

To establish the second property, note that Emi{0{pj)) = 6{Emi{pi)) = 
9{EBtiPi)), so it is enough to show that EBt{pi) is a scalar. Using Proposi- 
tion {xBt = H) and Corollary we have : 



EbApi) = Pi{i)T{Hpi(^2)) = A/^5'(1(i))t(1(2)X/) = A/l. 

For the third property we must verify that zj = Emi (9/6162) is a multiple 
of a projection. Using the duality between B* = N' n Mi and B = M' n M2 
and the formula for Ej from Proposition we have, for all 6 G i? : 

{zi,b) = X~^T{EMi{qieie2)e2eiHb) 

= T{qjHb) = XJ^t{xiG^/^G'^/^), 

= \^\{xiEi{G^'HG-y^)) 

= A7V(xKGV26G-i/2)(^^)^(^,(gV25g-V2)(^^) 

= A/(z/, 6(1) 6(2) ) = A/(2f, 6), 

which implies that z| = Xj^zj. Finally, in order to show that z/ is selfad- 
joint, we first compute S{qj), using properties of the antipode and Proposi- 
tion 3^ : 

S{qj) = Xj'S{S{H)'/^H-'/^xiH-'/'S{H)-'/^) 

= Xj^S{H)-^/^H-^/^xiH-^/^S{H)^/^ = S{H)-^qiS{H), 

from where, using the definition of S we have 

z*i = EMAqieieiT = EMAe2eiS{H-\jH)y 
= EMiie2eiqi)* = EMi{qieie2) = zj. 



Remark 4.9 Let Qi = {qiYnMi. Then [Mi : Qj] = T{qi) = Xj^ (cf. 
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Proposition 4.10 If I is a left coideal *-subalgebra of B and 6{I) is a left 
coideal subalgebra of B* constructed in Proposition |g. 4 then the triple 



5{I) CB* C B*y<I 

is a basic construction. 



Proof. It follows from Proposition [4.8| that qi implements the conditional 
expectation from N' n Mi = B* to {qi}' n {N' n Mi) = {qi}' n B* = 
{p^ynB* = I'nB* = 6{I) (observe that / is the right coideal *-subalgebra of 



B* generated hy pj, cf. Propositions |3.2| and 4.7). Since B* and pj generate 



B*XiI we conclude that 5{I) C B* C B*XiI is a basic construction. 

5 Bimodule categories and principal graphs 

In this section we establish an equivalence between the tensor category of 
N — N bimodules of a finite index and finite depth subfactor N G M and the 
co-representation category of a quantum groupoid B canonically associated 



with it as in Theorem [4.3| . The principal graph of C Af can be described 
in terms of relative Hopf modules over B. Alternatively, we show that it 
can also be obtained certain Bratteli diagram. 

Our methods follow those of P], where the special case of the invariants 
associated with the group-subgroup subfactors was considered. 

A left (resp., right) i?-comodule V (with the structure map denoted by 
V I— > v^^^ v^'^\ V £ V) is said to be unitary, if 

(4^V(^i,4'^) = siv^^^)Giv^;'\v2) 

(resp., (z;f))(z;!^\t;2) = G''S{{v^^^r)ivi,vi'^)), 

where vi,V2 G V, and G is the canonical group- like element of B. The notion 
of a unitary comodule in the Hopf *-algebra case can be found, e.g., in ([^, 
1.3.2). 

Given left coideal *-subalgebras H and K oi B, we consider a category 
Gh-k of left relative {B,H — K) Hopf bimodules (cf. ||l^), whose objects 
are Hilbert spaces which are both H — i^-bimodules and left unitary B- 
comodules such that the bimodule action commutes with the coaction of B, 
i.e., for any object V of Gh-k and v one has 

{h\>v<\ k)^'^^ (Si{h>v< /c)(^) = /i(i)?j(^)A;(i) (g> (/i(2) > v^^^ <i /c(2)). 
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where v ^ u*-^-* ® v^'^^ denotes the coaction of B on v, h €z H, k €z K, and 
morphisms are intertwining maps. 

Similarly one can define a category of right relative {B, H — K) Hopf 
bimodules. 

Remark 5.1 Note that any left S-comodule V is automatically a Bf — Bf- 
bimodule via zi-v- Z2 = e{ziv^^^ Z2)v^'^\ v gV, zi, Z2 G Bt- For any object of 
Ch-k, this Bt — i?f-bimodule structure is a restriction of the given H — K- 
bimodule structure; it is easily seen by applying (e ® id) to both sides of 
the relation of commutation between the H — i^-bimodule action and the 
coaction of i?, and taking h,k ^ Bt. Therefore, in the case when H = Bt 
(resp. K = Bt) we can speak about right (resp. left) relative Hopf modules, 
which are a special case of weak Doi-Hopf modules 

Let us also mention obvious relations es{v^^^) v^'^^ = (^^ (v < 1(2)) 
and et{v^^^) > v^'^^ = v. 

Proposition 5.2 If B is a group Hopf C* -algebra and H,K are subgroups, 
then there is a bijection between simple objects of Ch-k and double cosets 
ofH\B/K. 

Proof. If V is an object of Ch-k, then every simple subcomodule of V is 
1-dimensional. Let U = Cu {u g fSi u, g £ B) be one of these comodules, 
then all other simple subcomodules of V are of the form h>U < k, where 
h £ H, k £ K, and 

y = ®h,k {h>U <k) = span{HgK}. 

Vice versa, span{H gK} with natural H — K bimodule and i?-comodule 
structures is a simple object of Ch-k- 

Example 5.3 If H, V, K are left coideal *-subalgebras oiB, H C V,K C V, 
then V is an object of Ch-k with the structure maps given by h>v<k = hvk 
and A, where v^^^ (g)t>(^) = A(t;), v £V, h £ H, k £ K. The scalar product 
is defined by the restriction on V of the Markov trace of B (this i?-comodule 
is unitary due to Corollary ^ ). 

Similarly, right coideal *-subalgebras of B give examples of right relative 
{B,H -K) Hopf bimodules. 
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Given an object V of Ch-k, the conjugate Hilbert space V is an object 
of Ck-h with the bimodule action 



k>v <h = h* >v <k* {yh e H, k e K) 

(here v denotes the vector v & V considered as an element of V) and the 
coaction v i— > v^^^ (g) U^^^ = (w^^^)* (^v^'^\ The relation of commutation 
between the actions and the coaction and the unitarity of V are straightfor- 
ward. 

Define V*, the dual object of V, to be V with the above structures. One 
can directly check that V** = V for any object V. Let us remark, that 



in Example |5^ the dual object can be obtained by putting v = v* for all 

veV. 

Definition 5.4 Let L be another coideal *-subalgebra of B. For any objects 
V £ Ch-l and W G Cl-k, we define an object V (8>l W from Ch-k as 
a tensor product of bimodules V and W [10| equipped with a comodule 
structure 

Let us verify that we have indeed an object from Ch-k- First, the 
above coproduct is clearly coassociative and compatible with counit (see 
the properties of e and Remark |5.l| ): 

e(?;Wu;W)(f(2) = e(i;«l(i))w(2) e(l(2)u;W)u;(2) 

= {v<iS{lii)))®L{^{2)>w)=V®LW- 

Second, the commutation relation between the H — /C-bimodule and B- 
comodule structures can be proved as follows: 

{ht> {v ®Lw) < kf^^ ®{ht>{v®Lw)< k)^"^^ = 
= {{h>v) {w < k)Y^^ {{h>v) {w < 

= (g) (/l(2) > W*^^)) {W^^'^ < fc(2)) 

= /l(l)(w ®L W)^^^k(^i) O (/l(2) > {V ®L < k(^2))- 

Finally, let us show that V ®l W is unitary. To this end, recall the following 
expression of the scalar product in this bimodule |10|: 

{Vi Wi,V2 W2)v(g,LW = {Vl <{wi,W2 )l,V2)v = 
= {{vi,V2)l^WI,W2)w = t{{vi,V2)l{w1,W2)l), 
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where vi,V2 G 1^,-0)1,102 £ W and the elements ( f 1 , f 2 )l, ( 1 , )l £ L { L- 
valued scalar products on V and W respectively) are defined in a unique 
way by the relations 

{vi<l,V2)v = t{1{vi,V2)l), {l>Wi,W2)w = t{1{wi,W2)l) {^1 £ L). 
Then the needed relation follows from 

{{V2 W2Y^^y(vi Wl, {V2 ®L W2)'^'^^)v(^lW = 
I „ (2) ^ {2)x 

= rf)r((^;f\^;2)i'VG-M(^i,4'^)L(4'\^2)?V(4'^)G 
= rf¥((4'\^2)i'^)*G-H(4'\^2)L>t«i,i^2)U^5(4'^)G 
= S{n}l\{vf\v2)L^wf ,W2)wS(y^^'^)G 

= S{{vi (g)L Wi)^'^^)G{{vi 'Wi)^'^\v2 W2)v^lW, 



where we used the unitarity of V and W and Corollary 2^. 

Lemma 5.5 (cf. Q) The operation of tensor product is 

(i) associative, i.e., V ®l{W ®pU) = {V ®lW)®pU , 

(ii) compatible with duality, i.e., {V ®l W)* = W* <^lV*, 

(Hi) distributive, i.e., {V © V) ®lW = {V ®l W) © {V ®l W). 

Proof. Easy excercise left to the reader. 

The tensor product of morphisms T £ Hom(y, V') and S G Hom(VF, W) 
is defined as usual : 

(T ©L S){v ©L w) = T{v) ©L S{w). 

From now on let us suppose that B is biconnected and acts outerly on the 
left on a IIi factor and that the extension of this action on L?'{N) satisfies 
the relations mentioned in the end of Preliminaries. 

Given an object V of Ch-k, we construct an NxH — A^xi^-bimodule 
V as follows. We put 

V = span{A(l) > © v) | ^ © v G L'^{N) © V} 
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and denote (8 f ] = A(l) i> (.^ f ). It is straightforward to show that V is 
characterized by the property [^^{z>v)] = [{^<z)^v] = [^{z>l)^v] Vz G Bt, 
i.e., that y = L2(Ar) (^BtV. 

Let us consider F as a Hilbert space with the scalar product 

and define the actions of A^, H,K onV by 

a[i ®v\ = [ai w], [CO v\a = [^(z;^^) \> a) ® w^^^], 
h[i ®v] = t>C)® (/i(2) > v)], <S) v]k = (w < A;)], 

for all a & N, h & H, k & K. One can check that these actions are well- 
defined and that 

ha[(, (S)v] = i> a)/i(2)[C f], [S, fS) v]ka = v]{k(^i) > a)fe(2)) 

(/ia[C (g) 7;])A;a' = /ia([C (g) i;]A;a'), a' £ N, 

i.e., that the above formulas define the structure of an (NXiH) — (NXiK) 
bimodule on V in the algebraic sense. Let us show that this bimodule is 
unitary. We only need to check that 

([^ (8) v]a, [r] (8) w])- = ([^ ^v],[ri^ w^)- 

(all other relations of unitarity are trivial). The following computation uses 
the above definitions, the properties of the action of B on Lp'{N) and the 
unitarity of V: 

= {^{S{H)v(^Ka)),r,)L^N){v^''\w)v 

= i^,viHS-H{v^'^r)>a*))LHN)iv^'\nj)v 

= i[^0v],[r]0w]a*)-. 
For any morphism T G Hom(y, 1^), define a morphism T G Hom(y, W) by 

m^v]) = [:^^T{v)]. 
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Example 5.6 For V G Ch-k from Example we have V = N>i\V as 
NxH — A/^XiT-bimodules. Indeed, the algebraic operations and the scalar 
products are the same (see the definitions above and Remark |3.10| ). 

Theorem 5.7 The above assignments V and T ^ T define a functor 

from Ch~k to the category of N>ciH — NxK bimodules. This functor pre- 
serves direct sums and is compatible with operations of taking tensor products 
and adjoints in the sense that ifW is an object of Ck-Lj then 

V0^W^V0n^kW, and V* ^ (V)* . 

Proof. 1. Directly from definitions we have y © = V © for any 
objects V and W of Ch-l- 

2. In order to show that V (^lW = V 0n>iL W, let us define a map 

a : V (^W V (g)N>}L W : (g) {v (g)L w)] ^ (g) v] (^Ny^L [1 <g w], 
for all e e L'^{M), vGV,weW. 

(a) a is well-defined, since, for all ^ € L^{N),z e Bt,v e V,w e W 

a{[{C- z)(g>{v(gLw)]) = [C©e(zf(^))f(2)]©Ar>jL [l©w] 

= K©e(zt'^^h(i))(t;(2) . 1(2))] 0^^^ [lg)w] 

= K © e(zi'(^h(i))z;(2)] 0^^^ [(1(2) . 1) © u;] 

= K © e(z?;(^h(i))z;(2)] ^^^^ [i ^ e(l(2)w;W)u;(2)] 
= © e(zi;(i)u;(i))i;(2)] ©^^^^ [1 © y;(2)] 

= a{[S, g) z ■ {v (g)Lw)]). 

(b) a preserves the bimodule structure. Indeed, for all h £ H,k £ K, a, a' G 
N we have : 

a{ah[^_ (g) {v (g)Lw)]) = a([a(/i(i) i> ^) © ((/i(2) > f ) ©l )]) 

= [a(/i(i) > ^) © (/i(2) i> -u)] ©ATxiL [1 © -w] 

= a/i[.^ © f] ©ATxiL [1 © 

= a/ia([^ © (v ©L w)]), 

a{[C0{v(gLw)]a'k) = a{[C{v'-^^w^^^ ■ a) {v^^^ (^l {w'-^^ <k))]) 

= [^{v^^'^w^^^ ■ a') © ©ivx^L [1 © (u-^^^ < k)] 

= [^©f] ©TVxiL [(u'(^) • a ) © (w^^^ < A:)] 

= [^(gv](g)N>iL{[1g>w]a'k) 

= q;([^ © (t> ©L ■u;)])a'A:. 
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(c) Observe that the map 

fi ■■ V®N>iLW -^V ®2W : [^(S)v](g)N>,L ^ [^(t;^^) -r/) (f (S)lw)], 

where S,,ri £ L?'{N),v G F, w G W , is the inverse of a. 

(d) a is an isometry of Hilbert spaces. Indeed, by the above definitions, 

m®{v®L = iS{H) > Ol^n) {v<{w,w )l,v)v, 

where the L-valued scalar product {w,w)LonWis defined in a unique way 
by the relation (/ > w, w)w = t{1{w, w ) l) (VZ G L). 

On the other hand, the definition of the tensor product of bimodules 
(see, for example, jlO]) gives: 



where the element ( [1 (8) tt)], [1 (g) )N>iL is defined in a unique way by 

{[n (^l]>[l®w],[l® U-Diy = TNy.Liln /]( [1 U-], [1 )N>iL)- 

Since the left-hand side of this equality can be rewritten as: 

([n(/(i) > 1) (/(2) > w)], [1 w])^ = 
= {[n® {£t{l(i))l(2))^w)], [l®w\)^TN{S{H)t>n){luw,w)w, 

we can see that {[1 ® w\^[l ® w\) n>iL = {w^w) l]- Together with the 
formula for the scalar product on V this gives 

1 1 <^ iv ®L W)] 1 1 = 1 1 V] m>.L [1 ® W] 1 . 

3. In order to show that V* = (V)*, let us define a map 



(a) 7 is well-defined, since, for all ^ G L'^(N),z G G F 



(b) It is straightforward to show that 7 preserves the bimodule structure 
and that the map 

W^]^ J^)^U(2)] 
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from (V)* to V* is the inverse of 7. 

(c) 7 is an isometry of Hilbert spaces. Indeed, using the above definitions, 
the relation (J^, Jv)^i^ = {G > ViOj^S^j ^ ^^id the unitarity of V*, we 
have: 



II ^llL2(Af)" 



According to Remark |5.1| , Cst-Bt is nothing but the category of B- 
comodules, Corep(i3). The next theorem shows that this category is equiv- 
alent to BimodN~N{N C M), the category of N — N bimodules of a sub- 
factor N C M. Recall that the latter is the tensor category generated by 
simple subobjects of NiMn)N, n> 1. 

Theorem 5.8 Let N C M be a finite depth subfactor ([M : N] < 00), k be 
a number such thatN C has depth < 2, and let B be a canonical quantum 
groupoid such that {N C Mk) = {N C N><3B). Then BimodN-N{N C M) 
and Rep{B*) are equivalent as tensor categories. 

Proof. First, we observe that 

BimodN~N{N C M) = BimodN-N{N C Mi) 

for any / > 0. Indeed, since both categories are semisimple, it is enough 
to check that they have the same set of simple objects. Clearly, all ob- 
jects of Bimod]\f-N{N C Mi) are objects of Bimodj\f-j\f{N C M). Con- 
versely, since irreducible N — N subbimodules of j\f L'^ (Mi) j\f are contained 
in the decomposition of n L'^ (Mi^i) ^ for all i > 0, we see that objects of 
BimodN-N{N C M) belong to BimodN-N{N C Mi). 

Hence, by Proposition [4.1|, the problem can be reduced to the case 
when N C M has depth 2 (M = NxB), i.e., it will suffice to prove that 
BimodN-N{^ C N>i\B) is equivalent to Corep(S). The previous theorem 
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gives a functor from Corep(-B) = Rep(-B*) to BimodN-N^N C NxB). To 
prove that this functor is, in fact, an equivalence, we need to check that it 
yields a bijection between classes of simple objects of these categories. 

Observe that B itself is an object of Corep(i?) via A : B ^ B <^ B 
and 13 = ]\fL'^{M)j^ . Since the inclusion N C M has depth 2, the simple 
objects of BimodN-N{N C M) are precisely irreducible subbimodules of 
nL'^{M)n- We have B = nL'^{M)n = Bi N{PiL'^{M))N , where {pi} is a 
family of mutually orthogonal minimal projections in N' D Mi so that every 
bimodule piL'^{M) is irreducible. On the other hand, B is cosemisimple, 
hence B = (BiVi, where each Vi is an irreducible subcomodule. Note that 
N' n Ml = B* = ^piB* and every piB is a simple submodule of B (= 
simple subcomodule of B*). Thus, we see that there is a bijection between 
simple objects of Corep(i?) and BimodN^N^N C M), so that the categories 
are equivalent. 

The principal and dual principal graphs of a subfactor N C M are 
defined as follows |jl^, |p, [§. Let X = nL'^{M)m and consider the following 



sequence of N — N and N — M bimodules : 

nL^{N)n, X, X^mX*, X0mX*0nX,... 

obtained by right tensoring with X* and X. The vertex set of the principal 
graph is indexed by the classes of simple bimodules appearing as summands 
in the the above sequence. We connect vertices corresponding to bimodules 
nYn and nZai by I edges if nYn is contained in the decomposition of nZn, 
the restriction of n^m, with multiplicity /. 

The dual principal graph can be constructed in a similar way from the 
following M — M and M — N bimodules : 

mL^{M)m, X*, X*<S)nX, X*<S)nX<S)mX*,.... 



We apply Theorem 5.7 to express the principal and dual graphs of a 
finite depth subfactor C M in terms of the quantum groupoid associated 
with it. 

Let B and K he a quantum groupoid and its left coideal *-subalgebra 
such that B acts on N and {N C M) ^ (A^ c NxK). Then K = 
]yL'^{M)M, where we view K as a relative {B, K) Hopf module as in Exam- 



ple ^ 



By Theorem 5.7 we can identify irreducible N — N (resp. N — M) bimod- 



ules with simple i?-comodules (resp. relative right {B,K) Hopf modules). 
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Consider a bipartite graph with vertex set given by the union of (classes 
of) simple i?-comodules and simple relative right {B, K) Hopf modules and 
the number of edges between the vertices U and V representing i?-comodule 
and relative right {B, K) Hopf module respectively being equal to the mul- 
tiplicity of U in the decomposition of V (when the latter is viewed as a 
B-comodule) : 

simple -B-comodules 



simple relative right {B,K) Hopf modules 

The principal graph of C M is the connected part of the above graph 
containing the trivial 5-comodule. 

Similarly, the dual principal graph can be obtained from the following 
diagram 

simple relative {B,K — K) Hopf bimodules 



simple relative left {B,K) Hopf modules 

as the connected component containing the relative Hopf {B,K — K) bi- 
module K (it corresponds to the bimodule mL'^{M)m- 

Using the antiisomorphism K ^iK) between the lattices of left coideal 
subalgebras of B and B* from Proposition |3.3| , it is possible to express the 
principal graph of C NxK as a certain Bratteli diagram. 

Proposition 5.9 If K is a coideal *-subalgebra of B then the principal 
graph of the subf actor N C NxK is given by the connected component 
of the Bratteli diagram of the inclusion 6{K) C B* containing the trivial 
representation of B* . 

Proof. First, let us show that there is a bijective correspondence between 
right relative {B,K) Hopf modules and (-B*><]-ftr)-modules. Indeed, every 
right (B, K) Hopf module V carries a right action of K. If we define a right 
action of B* by 

V <ix = {v^'^\ x)v^'^\ veV,xeB*, 

then we have 

{v<ik)<ix = x)(f^^^ <i A;(2)) 

= (%)>x))(7;(2)^fc(2)) 
= {v<{k{i)>x))<\k^2)^ 
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for all X € B* and k £ K which shows that kx and (A;(x) i> x)k(2) act on V 
exactly in the same way, therefore y is a right (-B*Xii^)-module. 

Conversely, given an action of {B*'><\K) on V ^ we automatically have a 
S-comodule structure such that 

(t;«fe(i),x)(^;(2)>A:(2)) = ( )( , X(2) ^ A:(2)) 

= {v <\ > x)) <\ k(2) = {v <k) <\x 
= {x, {v<k)^'^'^){v<k)^'^\ 

which shows that v'^'^^k^i) ® (w^^) < k^2)) = {v < k)'^^'> ® {v < k)^'^\ i.e., that V 
is a right relative (S, K)-module. 

Thus, we see that the principal graph is given by the connected com- 
ponent the Bratteli diagram of the inclusion B* C B*XiK containing the 
trivial representation of B*. Recall that B*><iK is the basic construction 
for the inclusion 6{K) C B* , therefore the Bratteli diagrams of the above 
two inclusions are the same. 

Corollary 5.10 If N C NxB is a depth 2 inclusion corresponding to the 
quantum groupoid B, then its principal graph is given by the Bratteli diagram 
of the inclusion B^ C B*. 

Proof. In this case K = B and inclusion B^ C B* is connected, so that 
5{K) = B^ (note that B* is biconnected). 

Let us mention two properties of the set Xn of finite index values of 
subfactors with depth < n. 



Remark 5.11 (a) We can use Corollary 5.1C to give a short proof of the 
fact that for any given n the set Xn is a discrete subset of {4cos^ \ n > 
3}U[4,+oo)i. 



It follows from Corollary 4.2 that the index of any depth < n subfactor 
is the n-th root of the index of a depth < 2 subfactor, therefore we have 
Xn = { \fx I x G X2}, therefore it suffices to prove that X2 is discrete. 

Let S be a biconnected quantum groupoid and A be the inclusion matrix 
oi Bt C B. We will show that all the entries of AA* are strictly positive. 
Indeed, let vri, . . . tttv (resp. pi, ■ ■ ■ pm) be all the classes of irreducible repre- 
sentations of Bt (resp. B), and assume that pi is the trivial representation 
of B on Bt (i.e., pi{b)z = et{hz) for all 6 G z G Bt (g, 2.4, |2|, 2.2). 
Then Ajj, the ij-th entry of A, is equal to the multiplicity of tTj in Pj\Bf 
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Since pi\Bt is faithful, we have Aji > for alH = 1 ... M, therefore 
(AA*),fc = K^jKkj > AiiAfci > 0. 



Thus, it fohows from Corollary 5.10 that every element of X2 is the norm 



of a matrix with strictly positive entries. But for any given m the number 
of such matrices with norm < m is clearly finite, hence X2 D (0, m] is finite 
for every m, i.e., X2 is discrete. 

(b) Xn is also a multiplicative subsemigroup of M"*". Indeed, if C M 
and P C Q are two subfactors of depth < n then {N <S> P) C (M Q) has 
depth < n and [{M ^ Q) : {N P)] = [M : N][Q : P]. 

Appendix : The structure of a quantum groupoid 
associated with a finite depth subfactor 

We will write down explicit formulas that define a quantum groupoid canon- 
ically associated with a finite depth subfactor N C M {[M : N] = X~^). It 



follows from Proposition 4.1 that the subfactor C is of depth 2 for k 



large enough. According to fl^ , the Jones tower for the latter inclusion is 
NcMkC M2k+i C C • • • 

Therefore, there is a non-degenerate duality between algebras A = N' 
M2/C+1 and B = M^. n M3k+2 making them quantum groupoids dual to each 



other 1 13]. The corresponding bilinear form (cf. Preliminaries) is given by 

{a,b) = A-2(fc+i)r(a/2/im), a£A,beB, 

where H = Index r|A^^nM2fc+i and 

= A''(''+^)/^(efc+iefc . . . ei)(eA;+2 • • • 62) . . . (e2A;+i . . . efc+i), 
/2 = X'^'+'^/\e2k+2e2k+i.. ■ efc+2)(e2fc+3 • • • Cfc+s) . . . ie3k+2 ■ ■ ■ e2k+2), 



are the Jones projections of the fe-step basic construction [|16[ such that /i 
(resp. /2) implements the conditional expectation from (resp. M2k+i) to 
A^ (resp. Mk). 

The target and source counital subalgebras of B are Bt = M( n M2k+i 
and Bg = M'2k+i l^-^3fc+2- Note that B is generated by Bs, Bt, and 62^+2 as 
an algebra. Indeed, M( n M^k+2 = {M^^D M2k+i, e2k+2, ■ ■ ■ ezk+2 ) because 
of the finite depth condition. 
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The antipode of B is given by 

S{b) = j{HbH-^), bGB, 

where j{b) = J2k+2b*J2k+2 is a canonical *-anti-isomorphism of B = M'^ n 
Mzk+2 (here J2k+2 is the modular involution on L?'{M2k+i))- 

It is convenient to describe the comultiplication in terms of separabil- 
ity elements. By definition, a separability element ([^], 10.2) of a finite- 
dimensional C*-algebra D is a projection Pd E D°'p®D uniquely determined 
by the properties 

{xi^I)Pd{x2®1) = {x2®1)Pd{xi^I), and m(PD) = 1, 

for all xi,X2 G D, where m denotes the multiplication of D. 
Let / = Ml n M2k+2, then we have 

A{yz) = {z^y)-{S^id)PBt, y € Bs, z £ Bt, 
A(e2fc+2) = {S(g)[d)Pi. 

Indeed, the first formula holds true in every weak Hopf algebra (see, e.g., 
[p!2| ). To establish the second formula for all a, c G yl we compute (using 
the notation Pj = pj^^ ® P^) : 

(a, H~'S{Pi'^)){c,PP) = 

= A-^^'^+i) T{af2hS{P\^^H)) Ticf2fiPP) 

= A-^^'^+i) T(FPf Vi/2a) r(c/2/iPf ) 

= A-<'=+i)+i T{X-^HPl'^EM'^nM,,^,ifM) r{cf2fiPP) 

= A-<^+i)+i T{cf2fiEM'^nM,,^,ifif2a)) 

= A-3('=+i)+i T{cf2fiEM,,^MiEMi{fif2a))) 

= A^^^'^'^^) T{cf2fie2k+2a) = { ac, e2k+2 ), 

where we used that Index r|jy^'p|^^2fc+2 ~ \^^H and that EM2k+2if'2) = 
A''e2fc+2- Thus, A{H~^e2k+2) = {H^^ ® I) ■ {S ® id)P/ and, therefore, 
A(e2fc+2) = {S®\d)Pi. 

Finally, the counit is given by 

e{b) = A-(^+iV(/2m), b e B. 
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Note that / = n M2k+2 is a left coideal *-subalgebra in B and that 



[N CM)^ (M2fc+i C M2fc+2) = (Mfc C Mk>il). 

An example of a quantum groupoid of dimension 13, associated to the 
subfactor with index 4cos^^, was considered in (|13|, 7.3). One can also 
describe the quantum groupoids corresponding to the whole sequence of 
subfactors with principal graphs An P. 
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